A proof is presented for the absence of gap for spin 1/2 ladders with an odd number of legs, in the infinite leg length limit. This result is relevant to the current discussion of coupled one-dimensional spin systems, a physical realization of which are vanadyl pyrophosphate, (VO) 2 P 2 O 7 , and stoichiometric Sr n−1 Cu n+1 O 2n (with n = 3, 5, 7, 9, . . .). More recently, the crossover from one to two dimensions has been studied in ladder type geometries of N x × N y sites, by taking the limit of N x → ∞ first 5, 6 . Remarkably, these results show that the scaling as a function of N y is not smooth: ladders of even N y have a finite gap, while those of odd N y have zero gap 7 . This interesting property turns 1
The magnetic properties of low dimensional systems have been the subject of intense theoretical and experimental research in recent years. Haldane's conjecture 1 , which states that one-dimensional chains of integer spin should have a gap in the excitation spectrum, whereas the half integer spin chains should be gapless, was confirmed by a number of experiments in quasi one-dimensional systems 2 . The recent interest on the spin 1/2 Heisenberg model in two dimensions (2D) is largely due to the fact that the undoped parent compounds of the high-Tc superconductors are accepted to be described by this model 3, 4 . Although an exact solution is lacking in 2D, numerical results 4 indicate long range order in the ground sate, and gapless excitations. Most of these calculations involve scaling the results obtained for an M × M square lattice to the limit M → ∞.
More recently, the crossover from one to two dimensions has been studied in ladder type geometries of N x × N y sites, by taking the limit of N x → ∞ first 5, 6 A qualitative explanation of the difference between even and odd N y resorts to the strong coupling limit J ′ /J ≫ 1, with J ′ being the exchange integral in the direction of the rungs of the ladder 7,10 . In the limit J → 0 the system decouples into open chains of N y sites.
Chains with odd N y are gapless due to Kramers degeneracy, whereas those of even N y have a gap; for example, for N y = 2, the spin gap
Kramers doublets in different chains can be coupled perturbatively, the resulting effective
Hamiltonian being a one-dimensional infinite chain of spin 1/2 that has zero gap. Since We consider the celebrated Heisenberg model, which is described by the Hamiltonian
where i and j are vectors of the lattice, S(i) denotes spin-1/2 operators, and the symbol i, j stands for near neighbors. The boundary conditions are periodic, and the lattice constant equals to 1, in such way that i = (n x , n y ), with n x and n y integers.
Let |Ψ 0 be the ground state of H with energy E 0 . Define a state |Ψ x (k) which is obtained from |Ψ 0 by applying a twist of wave vector k in the x-direction:
Note that spins with the same n x coordinate are subject to the same twist.
The proof of existence of gapless excitations for N → ∞ can be divided in two steps. In step one, the orthogonality of |Ψ x (k) with |Ψ 0 is established. It is precisely in this step where the distinction between even and odd widths becomes apparent: for even widths, the twisted state |Ψ x (k) will not be orthogonal to the ground state. In step two, the expectation value of H in the twisted wave function is proven to be equal to E 0 in the limit N → ∞.
Step 1. Consider the operator T x , which translates the system by a lattice constant in the x-direction:
x = S(1, n y ). Since T x commutes with H, and we have T x |Ψ 0 = e iδ |Ψ 0 , with δ some constant phase.
Here we are using the assumption of uniqueness of the ground state, which can actually be proven for finite N (see below). This allows us to write
The evaluation of
is straightforward, giving
Since, by Marshall's theorem, the ground state is in the subspace of S z Tot = 0, we have
We now prove that, if one chooses k = 2πm/N, with m an odd integer, then
Let
where the sum runs over all the spin configurations Γ with S z Tot = 0. Then
with Q Γ = This implies that
and the states are in fact orthogonal. We stress that the proof in this step is valid only for and cannot be taken out of the summation in (7). The failure of the present proof for even widths has certainly the same formal origin than the case of strictly one dimensional chains of integer spin.
Step 2. We now need to evaluate U x (k) −1 HU x (k). The "S z S z " component of H remains unchanged since U x (k) commutes with S z (i). The transformation of the xy component is easy to obtain by noting that
for α an arbitrary constant. This implies that the xy component of H corresponding to the rungs of the ladder is also unchanged.For the transformed Hamiltonian we have However, the crucial distinction between even and odd widths is missed. 
